Missouri University of Science and Technology

Scholars' Mine
Electrical and Computer Engineering Faculty
Research & Creative Works

Electrical and Computer Engineering

01 Aug 1999

Application of a Hybrid FEM/MOM Method to a Canonical PCB
Problem
Yun Ji
J. Chen
Todd H. Hubing
Missouri University of Science and Technology

James L. Drewniak
Missouri University of Science and Technology, drewniak@mst.edu

Follow this and additional works at: https://scholarsmine.mst.edu/ele_comeng_facwork
Part of the Electrical and Computer Engineering Commons

Recommended Citation
Y. Ji et al., "Application of a Hybrid FEM/MOM Method to a Canonical PCB Problem," Proceedings of the
IEEE International Symposium on Electromagnetic Compatibility (1999, Seattle, WA), vol. 1, pp. 91-96,
Institute of Electrical and Electronics Engineers (IEEE), Aug 1999.
The definitive version is available at https://doi.org/10.1109/ISEMC.1999.812874

This Article - Conference proceedings is brought to you for free and open access by Scholars' Mine. It has been
accepted for inclusion in Electrical and Computer Engineering Faculty Research & Creative Works by an authorized
administrator of Scholars' Mine. This work is protected by U. S. Copyright Law. Unauthorized use including
reproduction for redistribution requires the permission of the copyright holder. For more information, please
contact scholarsmine@mst.edu.

Application of a Hybrid FEMLMOM Method to a Canonical
PCB Problem
Y.Ji, J. Chen, T.H. Hubing, J. L. Drewniak
Electromagnetic Compatibility Laboratory
Department of Electrical & Computer Engineering
University of Missouri-Rolla
Rolla. MO 65401

Absrrucr: In this paper a hybrid FEM/MOM method was used
to solve a canonical printed circuit board (PCB) problem.
The PCB is populated with three traces. One is a signal line
and the other two are I/O lines that extend beyond the
boundary of the board. The Finite Element Method (FEM)
was used to model the fields in the volume around the
on-board trace. The Method of Moments (MOM) was
employed to model the equivalent surface currents on the
board and the current on the off-board traces. The FEM and
MOM equations were coupled by forcing the continuity of
tangential fields on the dielectric boundary. An efficient
meshing strategy was employed to reduce the memory
requirements. Major contributors to far fields in different
frequency bands and for different polarizations are discussed.
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PROBLEM DESCRIPTION
The problem investigated in this article was proposed at the
1998 IEEE International Symposium on Electromagnetic
Compatibility. Solutions using the Finite-Difference TimeDomain (FDTD) method [l], the Partial Element Equivalent
Circuit (PEEC) method [2], and the Transmission-Line
(TLM) method [3] were presented by researchers. However,
no consensus had been reached on the solutions. The problem
configuration is shown in Figures 1 and 2. Figure 1 provides
a three-dimensional view of the PCB. Figure 2 shows the top
view. The PCB is 25 cm long, 25 cm wide and 0.8 mm thick.
The board is covered by dielectric with a relative permittivity
of 4.5. The bottom side of the board is a metal plane with a
gap 12cm long and 1.0 cm wide. On the top side of the board
there are three printed traces. One is a signal line. The other
two are U 0 traces that extend beyond the boundary of the
board. The signal trace is fed at Point 1 by a periodic
trapezoidal 10-rR voltage source, with the waveform shown
in Figure 3. It is terminated by a 5542 resistor at Point 4 to
the metal plate. The two I/O traces are terminated at Points 2
and 3 by two 55-rR resistors.
The primary challenge of this problem is the mixed physical
scales. The width of the traces is 0.2 mm and they are spaced
by 0.2 mm. The board thickness is 0.8 mm. On the other
hand, the board size is 25x25 cm2 and the total length of the
YO traces is more than 100 cm.
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Figure 1. A printed circuit board with three traces.
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Figure 2. Top view of the board.

I-

I
I
I

U,

as the original problem does, it is called the exterior
equivalent problem of the original one. Since the fields in VI
are zero, the fields in VOare not affected no matter what kind
of materials are in VI. Thus, VI can be filled with the
materials with (& , A) [ 111. Now, the exterior equivalent
problem is a homogeneous problem. The homogenous
Green’s function can be used as the kernel to formulate an
integral equation and the Method of Moments (MOM) can be
used to solve it. Similarly, for the interior equivalent
problem, the fields in VO are set to zero while surface
currents J and M are introduced on the boundary to solve the
field (E,, H I ) in VI. The finite element method (FEM) is
employed to analyze the interior equivalent problem. The two
equivalent problems are related by forcing the continuity of
tangential fields.

Source (volts)

Figure 3. The input waveform at Point 1.

The integral equation describing the exterior equivalent
problem is given by [lo],
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where k,, and qo are the wavenumber and the wave
impedance in the volume VO. The three-dimensional
homogeneous Green’s function is given by,

interior
equivalent
problem

Go(r, r’) =

Figure 4. The original problem can be decomposed into the
exterior equivalent and the interior equivalent problems.

Triangular basis functions are employed to approximate
surface fields. A Galerkin’s procedure is used to test the
integral equation, which implies that weighting functions are
chosen from the same set of basis functions.

F E W O M FORMULATION
Full-wave hybrid FEM/MOM methods are well suited for
solving problems that combine inhomogeneous regions with
small structures and larger radiating conductors. They have
been successfully used to solve scattering problems in the
antenna community [4][5] and have also been applied to the
analysis of radiation from printed circuit board geometries

[61[71[83[91.

The weak form used to describe the interior equivalent
problem is given by [7],

v,

[[

]*

=j(iixH(r))*w(r)dSThe problem of interest is shown in Figure 4. The problem
consists of two volumes, Vo and V1,which have different
constitution parameters (& , b) and (E1 , PI),respectively.
(& , b) are constants, while (E1 , PI) can be a function of
position. According to the equivalence principle [lo][ 113, the
problem in Figure 4 can be decomposed into two problems:
the exterior equivalent problem and the interior equivalent
problem. To solve for the fields (Eh Ho)in Vo, equivalent
electric currents J and equivalent magnetic currents M are
introduced to positions just above the fictitious boundary
between VOand V1.All fields in V1are set to zero. Because
the new problem gives the same fields (Eh Ho)in volume VO
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jWPOPu,

J‘”‘(r)*w(r)dV

(2)

VI

where S1 is the surface enclosing volume VI, w(r) is the
weighting function, and Jint is the impress source.
For this problem, the boundary chosen to apply the integral
equation is shown in Figure 5 . The boundary coincides with
the physical boundary of the board. The boundary also
includes the off-board traces. One advantage of this
formulation is that the off-board traces are treated in the
exterior equivalent problem without introducing white-space.

boundary and S; on the FEM boundary, the MOM equation
in Eiq. (1) models the current on S: but not the current on

Si. The triangular elements on S: do not need to match the
tetrahedral elements meshed along S,. Therefore, it is
possible to use different mesh sizes on S: and S; . The edges
on S; are not unknowns in FEM equation because the E
fields along those edges are forced to be zero. Using small
mesh elements on S; produces a tetrahedral mesh of good
quality but does not increase the number of boundary
elements in the MOM equation.

' FEMregion
Figure 5 . The MOM and FEM regions.
Only the electric currents along the off-board traces are
unknowns. Because the traces are very thin, they are treated
as Perfect Electric Conductors (PEC) with infinitesimal
thickness.

MESHING STRATEGY
The primary challenge of this problem is its wide range of
physical scales. Triangular and tetrahedral elements have
advantages of approximating arbitrary geometries effectively
and efficiently. But the MOM puts a constraint on the total
number of triangular elements. MOM requires O(N2)
memory and O(N3)computation time. Double precision data
types are used to store the MOM matrix coefficients. Each
entry of the matrices is a complex number, thus requiring 16
bytes of computer memory. Therefore, 3,000 unknowns on
the MOM boundary require more than 140M bytes of
computer memory. The computation time for one frequency
with 3,000 unknowns takes about 10 hours on a Pentium 450
MHz personal computer. Thus, practically, the number of
unknowns (edges) on the MOM boundary cannot exceed
3,000. On the other hand, the finite element method requires
O(N) memory and relatively little computation time per
unknown since it generates highly sparse matrices. Therefore,
a key to this problem is to reduce the unknowns on the MOM
boundary.
The main factor determining the meshing quality is the aspect
ratio of the triangular and tetrahedral elements. To maintain
the quality of tetrahedral elements, small triangular elements
must be used to discretize the boundary, which in
consequence leads to a large number of boundary edges. The
MOM equation, Eq. (l), and the FEM equation, Eq.(2), are
coupled by forcing tangential field continuity on the
dielectric surface. As illustrated in Figure 6, 'S denotes the
dashed circle, which is the MOM boundary: S denotes the
solid circle, which is the FEM boundary. With the presence
of a PEC surface, which is denoted as S:on the MOM
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The problem can also be truncated to reduce boundary edges.
As shown in Figure 7, the ratio of the trace width to the size
of the ground plane is U1250 but the three traces are closely
spaced. Fields change rapidly around the traces, but they are
small and vary smoothly in other places. For this reason,
only the dielectric around the traces is modeled to reduce
unknowns on the MOM boundary. Figure 8 shows the crosssectional view of the truncated problem for the region where
signal on the active trace is coupled to I/O lines. Rather than
modeling the whole dielectric slab, the width of the dielectric
slab was changed to 15 W. The ground plane was kept intact
since it may have a significant effect on the radiation
resistance of the long off-board traces.
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Figure 6. FEM boundary and MOM boundary near a PEC.
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Figure 7. Cross-sectional view of the three coupled traces.
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above the ground plane and D is the distance from the trace.
Because the majority of the current flows underneath the
trace, the element size on the ground plane is linearly biased
from a fine mesh underneath the trace to a large coarse mesh
far away from the trace.
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A commercial mesh generator was used to generate the mesh
for this problem. Table I summarizes the tetrahedral elements
used to discretize the FEM volume. The inner edges are
defined as edges located inside the FEM volume. Those
edges are modeled by the FEM equation and only require a
small amount of computer memory. The boundary edges are
included in both the FEM and MOM equations. The aspect
ratio of the tetrahedral elements is crucial to the accuracy of
the results, so the mesh generator was instructed to maintain
an aspect ratio less than 6 for all tetrahedra. Table 11
summarizes the triangular mesh on the MOM surface. The
triangular elements on the on-board traces are critical, so a
fine mesh is employed. Larger triangles are used to mesh the
off-board traces. Currents on the trace change rapidly near
the edge of the ground plane and near the gap region, so fine
elements are employed in those places.

Figure 8. Cross-sectional view of the truncated problem.
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Figure 9. High-frequency current distribution under a trace.
The high-frequency current distribution underneath a trace is
shown in Figure 9. The current density peaks directly under
the trace, then falls off sharply to each side. The current
density at a point D meters away from the center of the trace
is given by,

The periodic excitation at Point 1 was transformed to the
frequency domain using an FFT. The duration of the signal is
20 ns, therefore the fundamental frequency is 50 MHz. In this
paper, the solution was obtained at each of the first 20
harmonics. The hybrid FEM/MOM code required 115
minutes to iterate one frequency on a Pentium 450 personal
computer. The total memory required was 101 Mbytes and
the total computation time for all frequencies was 40 hours.

where Io is the current on the trace, H i s the height of trace

Table 1. Summary of tetrahedral mesh in the FEM volume.

of Number of inner
Number
edges
tetrahedrons
664
1238

Number
of
boundary edges
1003

Total number
unknown edges
1667

Number of triangles Number of edges
used
Dielectric surface
On-board traces
Off-board traces
Ground Dlane

1003
327
292
235

833
331
294
165

Aspect
ratio
of
tetrahedra ( maximum)
5.55

Aspect
ratio
triangles(maximum)
5.10

10.05
66.7
2.75
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Tetracollapse
(maximum)
0.22

Skew angle
(maximum degree)
77
78

90
60

Figure 10 illustrates the maximum electric field computed
10 meters from the board when the input signal shown in
Figure 3 is applied at Point 1. This board fails to meet the
FCC Class A limit. It exceeds the limit in the 500700 MHz frequency range. Figures 11 and 12 show the
computed maximum horizontal and vertical electric fields
10 meters from the board when the amplitude of each
source harmonic is normalized to 1 volt. The hybrid code
allows the user to calculate how much of the total field
emanates from individual portions of the geometry. Far
fields generated by different portions of the structure are
compared in these two figures. The lines referred to in
Figures 11 and 12 are defined as follows,
Line 1: the 80cm long vertical off-board trace.

Frequency(MH2)

Figure 11. The maximum horizontal electric field 10
meters from the board with a normalized source.

Line 2: the 15cm long horizontal off-board trace at
the left side in Figure 2.
Line 3: the 15cm long horizontal off-board trace at
the top-right corner in Figure 2.
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Line 4: the 15cm long vekical off-board trace.
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Figure 11 shows that the board itself is the major
contributor to the horizontally polarized radiation.
Figure 12 illustrates the different contributions to the
vertical electric fields. It indicates that below 500 MHz,
Line 1 is the dominating contributor. At frequencies above
500 MHz, Line 2 is the dominant contributor. The radiated
field peaks at 550 MHz. This corresponds to %e halfwavelength resonance of the active trace.
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Figure 12. The maximum vertical electric field 10 meters
from the board with a normalized source.

CONCLUSION

7

In this paper, a hybrid F E W O M method was employed
to analyze a canonical printed circuit problem. The MOM
can model the off-board traces without introducing any
white-space. The FEM can model the fields around the
traces without excessive memory requirements. For the
analysis presented here, a commercial mesh generator was
used to discretize the surface and volume efficiently. To
conserve memory, the dielectric was modeled only in the
region 15 trace widths around the signal and U 0 traces.
Numerical results in the frequency domain are presented.
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Although this paper presents a calculated electric field
value relative to the FCC emission limit, numerical
modeling codes are not particularly useful for this purpose.
Small changes in a particular geometry can have a
dramatic effect on the calculated field at any given
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Figure 13 demonstrates the effect that the gap in the
ground plane has on the calculated field. With the gap
removed, radiation below 500 MHz is increased' slightly.
Above 500 MHz however, the gap appears to increase the
radiated field levels.
70r
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Figure 10. The maximum 10-meter electric field.
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Compatibility, vol. 1, pp. 182-187, Denver, CO,
August 1998.
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Figure 13. The maximum vertical electric field 10 meters
from the board with and without the gap.
frequency. For example, a slight change in the way a cable
is modeled could mean the difference between being
resonant at a source harmonic or a few MHz off a source
harmonic. The calculated field strength could easily vary
by 20 dB or more due to this slight change.
The main advantage of numerical models is that they can
tell us things about the way a given configuration radiates
that we could never learn from measurements. In the
example presented here, the parts of the structure that
contributed most significantly to the radiated field at
different frequencies were identified. Also the effect of the
gap in the ground plane was explored.
The hybrid MOMIFEM approach was well suited to this
problem. The region around the signal and I/O traces was
meshed with many small FEM elements and the cables and
other areas of the board were meshed with relatively large
MOM elements. As a result, this complex problem was
able to be modeled efficiently on a modestly equipped
personal computer.
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